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Abstract
Let Km;n be a complete bipartite graph with two partite sets having m and n vertices, respectively. A Kp;q-factorization
of Km;n is a set of edge-disjoint Kp;q-factors of Km;n which partition the set of edges of Km;n. Martin (Discrete Math.
167/168 (1997) 461) gave simple necessary conditions for Kp;q-factorization of Km;n, and conjectured these conditions are
su2cient. In this paper, it is shown that Martin’s conjecture on Kp;q-factorization of Km;n is true for p : q = 2 : 3.
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1. Introduction
Let Km;n be a complete bipartite graph with two partite sets X and Y having m and n vertices, respectively. A subgraph
F of Km;n is called a spanning subgraph of Km;n if F contains all the vertices of Km;n. It is clear that a graph with
no isolated vertices is uniquely de<ned by the set of its edges. So in this paper, we consider a graph with no isolated
vertices to be a set of 2-element sets of its vertices. Let p and q be positive integers. A Kp;q-factor of Km;n is a spanning
subgraph F of Km;n such that every component of F is a Kp;q. A Kp;q-factorization of Km;n is a set of edge-disjoint
Kp;q-factors of Km;n which partition the set of edges of Km;n. The graph Km;n is called Kp;q-factorizable whenever it has a
Kp;q-factorization. In paper [4] the Kp;q-factorization of Km;n is de<ned as a resolvable (m; n; p+q; 1) bipartite Kp;q-design.
For graph theoretical terms see [1].
There are some known results on the existence of the Kp;q-factorization of Km;n. When p = 1 and q = 1, Km;n has
a K1;1-factorization if and only if m = n (see, for example [1]). When p = 1 and q = 2, the spectrum problem for
K1;2-factorization of Km;n has been completely solved by Ushio [3]. Martin, in Ref. [2], investigated the Kp;q-factorization
of Km;n used symbols t; a; b; f; r1; s1; r2; s2 to denote the certain integers in a Kp;q-factorization of Km;n as follows:
• t = the number of copies Kp;q in any factor,
• a = the number of copies of Kp;q with its partite set of size p in X in a particular Kp;q-factor,
• b = the number of copies of Kp;q with its partite set of size p in Y in a particular Kp;q-factor,
• f = the number of Kp;q-factors in the factorization,
• r1 = the number of Kp;q-factors which contribute p edges for any vertex v in X ,
• s1 = the number of Kp;q-factors which contribute q edges for any vertex v in X ,
• r2 = the number of Kp;q-factors which contribute p edges for any vertex v in Y ,
• s2 = the number of Kp;q-factors which contribute q edges for any vertex v in Y ,
He gave a necessary condition for such a factorization to exist (Theorem 2.5 in [2]).
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Theorem 1.1. Let m, n, p and q be positive integers with pq¿ 1. If Km;n has a Kp;q-factorization, then the following
expressions are all integers:
t =
m+ n
p+ q
;
a=
pm− qn
p2 − q2 ;
b=
pn− qm
p2 − q2 ;
f =
mn(p+ q)
pq(m+ n)
;
r1 =
(pn− qm)n
p(p− q)(m+ n) ;
s1 =
(pm− qn)n
q(p− q)(m+ n) ;
r2 =
(pm− qn)m
p(p− q)(m+ n) ;
s2 =
(pn− qm)m
q(p− q)(m+ n) :
Martin called the conditions in Theorem 1.1 the basic arithmetic conditions (BAC) of the problem for Km;n to be
Kp;q-factorizable, and gave the following conjecture (Conjecture 2.7 in [2]).
Conjecture 1.2 (BAC Conjecture). If the BAC on Kp;q-factorization of Km;n are true then Km;n is Kp;q-factorizable.
In this paper, we will prove the Conjecture 1.2 is true whenever p : q = 2 : 3.
Theorem 1.3. BAC Conjecture on Kp;q-factorization of Km;n is true whenever p : q = 2 : 3.
2. Preliminaries
In this section we shall give some of the fundamental results which will be used later. We <rst state the following
result whose proof is obvious.
Lemma 2.1. If Km;n has a Kp;q-factorization, then Kms;ns has a Kp;q-factorization for any positive integer s.
A corollary of Lemma 2.1 is as follows.
Corollary 2.2. Kps;qs has a Kp;q-factorization for any positive integer s.
Assume p¡q. From the expressions of a and b in Theorem 1.1 we may assume pm6 qn and pn6 qm, and Corollary
2.2 implies that Km;n has a Kp;q-factorization when pm = qn and pn = qm. So we only need to treat the case pm¡qn
and pn¡qm. In this case, we use the ratio a : b=  :  to class m and n satisfying BAC in Theorem 1.1. For any <xed
ratio  :  there is a least pair of integers m0, n0 satisfying BAC. We call this m0, n0 the base pair for the ratio  : .
The following results come from Martin [2].
Lemma 2.3. Given a <xed ratio  : , any pair of integers m, n satisfying BAC is an integer multiple of the base pair
for that ratio.
That is, in order to prove the BAC conjecture for the ratio  : , we only need to give a Kp;q-factorization of Km0 ;n0 .
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Lemma 2.4. If the BAC conjecture is true for <xed ratio  :  of Kp;q-factorization, then it is also true for the same
class of Kps;qs-factorization for any positive integer s.
Lemma 2.4 implies that we only need consider the case p and q are coprime. From the following result we can calculate
the base pair m0, n0 with a <xed ratio a : b=  : .
Lemma 2.5. Let p and q be coprime integers. For a <xed ratio  : , a0, b0 is the least pair of integers if and only
if a0, b0 is the least possible pair such that
(p− q)a0b0
pq(a0 + b0)
is an integer. In this case, the base pair of integers is the pair m0 = pa0 + qb0, n0 = pb0 + qa0.
The <nal result in this section gives a method to prove Km;n has a Kp;q-factorization, which is used in Section 3.
Lemma 2.6. For positive coprime integers , , let h and v be chosen to be the least coprime positive pair such that
hp
vq
=


:
Then the base pair of integers for the ratio a : b=  :  is the pair
m0 =
cp+ dq
k
;
n0 =
cq + dp
k
;
where
k = gcd
(
vq + hp;
(p− q)vh
gcd(vq; hp)
)
;
c = lcm(vq; vq + hp) and d= lcm(hp; vq + hp). And when k = 1 Conjecture 1.2 is true.
3. The proof of Theorem 1.3
We are now in a position to prove Theorem 1.3. For our main result, we need the following lemmas.
Lemma 3.1. The BAC conjecture is true for K2;3-factorization with ratio  :  = (6s± 1) : (6r ± 1).
Proof. From Lemma 2.6 we have p= 2, q = 3, v = 2 and h= 3, then gcd(3v; 2h) = gcd(6; 6) = 6, and
k = gcd
(
3v + 2h;
vh
gcd(3v; 2h)
)
= gcd(6( + ); ):
Since gcd(; ) = 1 and gcd(6; ) = gcd(6; ) = 1, we have k = 1. So the lemma is proved.
Lemma 3.2. The BAC conjecture is true for K2;3-factorization with ratio  :  = (6s± 2) : (6r ± 1).
Proof. From Lemma 2.6 we have p= 2, q = 3, v =  and
h=
3
2
;
then gcd(3v; 2h) = 3, and
k = gcd
(
3v + 2h;
vh
gcd(3v; 2h)
)
= gcd
(
3( + );

2
)
:
Since gcd(; ) = 1 and gcd(3; ) = gcd(6; ) = 1, we have k = 1. So the lemma is proved.
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Lemma 3.3. The BAC conjecture is true for K2;3-factorization with ratio  :  = (6s± 1) : (6r − 3).
Proof. From Lemma 2.6 we have p= 2, q = 3, h=  and
v =
2
3
;
then gcd(3v; 2h) = 2, and
k = gcd
(
3v + 2h;
vh
gcd(3v; 2h)
)
= gcd
(
2( + );

3
)
:
Since gcd(; ) = 1 and gcd(6; ) = gcd(2; ) = 1, we have k = 1. So the lemma is proved.
Lemma 3.4. The BAC conjecture is true for K2;3-factorization with ratio  :  = (6s± 2) : (6r − 3).
Proof. From Lemma 2.6 we have p= 2, q = 3,
v =

3
and
h=

2
;
then gcd(3v; 2h) = 1, and
k = gcd
(
3v + 2h;
vh
gcd(3v; 2h)
)
= gcd
(
 + ;

6
)
= 1:
So the lemma is proved.
Lemma 3.5. The BAC conjecture is true for K2;3-factorization with ratio  :  = (6s± 1) : 6r.
Proof. Lemma 2.5 implies that a =  and b =  where  = 6s + 6r ± 1. We let X and Y be two partite sets of Km;n
with |X | = m and |Y | = n, a and b denote the number of copies of K2;3 with its partite set of size 2 in X and with its
partite set of size 2 in Y in a particular K2;3-factor, f and t = a + b be the number of K2;3-factors in the factorization
and copies of K2;3 in any factor. Let e = 6s± 1 and 6k = 6r, then by calculation we have
a= e(e + 6k);
b= 6k(e + 6k);
t = (e + 6k)(e + 6k);
f = (e + 9k)(e + 4k);
m= 2(e + 9k)(e + 6k);
n= 3(e + 4k)(e + 6k):
Let
X = {xi; j : 16 i6 e + 9k; 16 j6 2(e + 6k)};
Y = {yi; j : 16 i6 e + 4k; 16 j6 3(e + 6k)}:
We will construct a K2;3-factorization of Km;n. We remark in advance that the additions in the <rst subscripts of xi; j’s and
yi; j’s are taken modulo e+9k and e+4k in {1; 2; : : : ; e+9k} and {1; 2; : : : ; e+4k}, respectively, and the additions
in the second subscripts of xi; j’s and yi; j’s are taken modulo 2(e + 6k) and 3(e + 6k) in {1; 2; : : : ; 2(e + 6k)} and
{1; 2; : : : ; 3(e + 6k)}, respectively.
For each i; x and y; 16 i6 e; 06 x6 1 and 06 y6 2. Let f(x)= (e+6k)x and g(i; y)= i+(e+6k)y− 1, and set
Ei = {xi;f(x)+jyi;g(i;y)+j : 16 j6 e + 6k; 06 x6 1; 06 y6 2}:
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For each i; x; y; z and w; 16 i6 k and 06 x; y6 1 and 06 z; w6 2. Let f(x) = (e + 6k)x, h(i; z; w) = e +
9(i − 1) + 3w + z + 1 and u(i; y; z; w) = e + 3(i − 1) + (e + 6k)z + w + 3ky, and set
Ee+i = {xh(i; z;w);f(x)+jye+(2x+y)k+i; u(i;y; z;w)+j : 16 j6 e + 6k; 06 x; y6 1; 06 z; w6 2}:
Each of Ei (16 i6 e) consists of e + 6k K2;3 components of Km;n, and
⋃
16i6e Ei consists of a = e(e + 6k) K2;3
components of Km;n with their partite sets of size 2 are all in X . Each of Ee+i (16 i6 k) consists of 6(e + 6k) K2;3
components of Km;n, and
⋃
16i6k Ee+i consists of b=6k(e+6k) K2;3 components of Km;n with their partite sets of size 2
are all in Y . Let F =
⋃
16i6e+k Ei. Notice that F consists of t= a+ b= (e+6k)(e+6k) vertex-disjoint and edge-disjoint
K2;3 components of Km;n. Then the graph F is a K2;3-factor of Km;n. And in the graph F , each of the second subscripts
of xi; j’s meets each of the second subscripts of yi; j’s once and only once. De<ne a bijection % from X ∪ Y onto X ∪ Y in
such a way that %(xi; j)= xi+1; j and %(yi; j)= yi+1; j . For each &∈{1; 2; : : : ; e+9k} and each '∈{1; 2; : : : ; e+4k}, let
F&;' = {%&(x)%'(y) : x∈X; y∈ Y; xy∈F}:
It is shown that the graphs F&;' (16 &6 e+9k; 16 '6 e+4k) are K2;3-factors of Km;n and their union is Km;n. Thus
{F&;' : 16 &6 e + 9k; 16 '6 e + 4k} is a K2;3-factorization of Km;n.
This proves the lemma.
Lemmas 3.1–3.5 have treated all cases of ratio  :  for K2;3-factorization. So we give the following result.
Lemma 3.6. The BAC conjecture on Kp;q-factorization of Km;n is true for p= 2 and q = 3.
Proof of Theorem 1.3. Combining with Theorems 2.4–3.6, it is shown that the BAC Conjecture on Kp;q-factorization of
Km;n is true whenever p : q = 2 : 3. This completes the proof of Theorem 1.3.
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